The relationship between the classical and quantum theories of gravity is reexamined. The value of the gravitational potential defined with the help of the two-particle scattering amplitudes is shown to be in disagreement with the classical result of General Relativity given by the Schwarzschild solution. It is shown also that the potential so defined fails to describe whatever non-Newtonian interactions of macroscopic bodies. An alternative interpretation of theh 0 -order part of the loop corrections is given directly in terms of the effective action. Gauge independence of that part of the one-loop radiative corrections to the gravitational form factors of the scalar particle is proved, justifying the interpretation proposed.
Introduction
Apart from the issue of renormalization, quantization of the General Theory of Relativity is carried out in much the same way as in the case of ordinary Yang-Mills theories. Besides formalities of the consistent quantization, however, there are questions of principle concerning basic postulates underlying the synthesis of classical theory and quantum-mechanical ideas. The rules of this synthesis are mainly contained in the correspondence principle of N.Bohr, which, on the one hand, gives recipe for the construction of operators for physical field quantities, and, on the other hand, implies definite requirements as to the form of these quantities in cases when a system displays classical properties.
Establishing the correspondence between the classical and quantum modes of description in the case of the theory of gravity displays features quite different from those encountered in other theories of fundamental interactions. Distinctions arise, in particular, when the limiting procedure of transition from the quantum to classical theory is performed. In theories like quantum electrodynamics, e.g., interaction of two charged particles takes the form of the Coulomb law when momentum transfer from one particle to the other becomes small as compared to the particles' masses, so the above mentioned procedure is accomplished by tending the masses to infinity. In essential, this constitutes most of what is called the physical renormalization conditions. The latter require the gauge field propagator (in the momentum space) to have the unit residue of the pole at zero momentum, which is just the aforementioned condition on the form of the two-particle interaction in the coordinate representation.
In the case of gravity, however, the situation is essentially different. There, transition to the classical theory cannot be performed by taking the limit: particle mass → ∞, because the value of the particle mass determines the strength of its gravitational interactions. In fact, relative value of the radiative corrections to the classical Newton law, corresponding to the logarithmical contribution to the gravitational form factors of the scalar particle, is independent of the scalar particle mass [1] .
Although this trait of the gravitational interaction makes it exceptional among the others, and moreover, is in apparent contradiction with the standard formulation of the correspondence principle, it is not really an inconsistency in the quantum description of gravitation: to get rid of it, one may simply weaken the correspondence principle, and require the relative corrections to the Newton law to disappear only at large distances between the particles.
There is, however, a still more important aspect of the correspondence between the classical and quantum pictures of gravitation, that attracts our attention in the present paper. The Einstein theory, being essentially nonlinear, demands the quantum theory to reproduce not only the Newtonian form of the particle interaction, but also all the nonlinear corrections predicted by the General Relativity. In this respect, the abovementioned peculiarity of the gravitational interaction, namely, its proportionality to the masses of particles, is manifested in the fact (also pointed out in Ref. [1] ) that, along with the true quantum corrections (i.e., proportional to the Planck constanth), the loop contributions also contain classical pieces (i.e., proportional toh 0 ). Thus, an important question arises as to relationship between these classical loop contributions and the classical predictions of the General Relativity.
In analogous situation in the Yang-Mills theories, the correct correspondence between the classical and quantum pictures is guaranteed by the fact that all the radiative corrections to the particle form factors disappear in the limit: masses → ∞, thus providing the complete reduction of a given quantum picture to the corresponding nonlinear classical solution. It is claimed in Ref. [1] that when collected in the course of construction of the gravitational potential from the one-particle-reducible Feynman graphs, aforesaid classical contributions just reproduce the post-Newtonian terms given by the expansion of the Schwarzschild metric in powers of r g /r, r g being the gravitational radius.
It will be shown in Sec. 2 that this claim is erroneous: the one-loop terms of the orderh 0 in the gravitational potential are actually two times larger than the terms of the order r 2 g /r 2 coming from the Schwarzschild expression. This in turn raises the question of relevance of the notion of potential in the case of quantum gravity. It will be shown in Sec. 3 that not only the value of the potential, defined with the help of the two-particle scattering amplitudes, disagrees with the classical results of the General Relativity, but also that the potential so constructed fails to describe whatever non-Newtonian interaction of macroscopic bodies. After that an alternative interpretation of theh 0 parts of the loop contributions will be suggested, based on a certain modification of the correspondence principle. The use of the effective action formalism turns out to be essential for the new interpretation, running thereby into the problem of gauge dependence of the effective action. In Sec. 5, gauge independence of theh 0 part of the one-loop contribution to the gravitational form factors of the scalar particle is proved, thus ensuring the physical sense of our interpretation. Sec. 4 contains brief description of the method used in evaluation of the gauge-dependent parts of the loop corrections. The results of the work are discussed in Sec. 6. Some formulae needed in calculation of the Feynman integrals are obtained in the Appendix.
We use the highly condensed notations of DeWitt [2] throughout this paper. Also left derivatives with respect to anticommuting variables are used. The dimensional regularization of all divergent quantities is supposed.
Definition of the potential in quantum gravity
Before we proceed to actual calculations, it is worthwhile to make some remarks concerning the notion of potential in quantum theory.
Let us begin with an obvious but far-reaching observation that a definition of potential in any (classical or quantum) field theory must be given in terms characterizing motion of interacting particles, simply because only in this case the definition would be relevant to an experiment. For this purpose, the scattering matrix approach can be used, in which case the potential is conventionally defined as the Fourier transform (with respect to the momentum transfer from one particle to the other) of the suitably normalized two-particle scattering amplitude. By itself this definition is not of great value unless one is able to separate the whole scattering process as follows: interaction of the first particle with the gauge field → propagation of the gauge field → interaction of the gauge field with the second particle. Only if such a separation is possible can one introduce a self-contained notion of the potential. In terms of the Feynman diagrams, one would say in this case that the diagrams describing the scattering process are one-particle-reducible with respect to the gauge field.
In connection with what just have been said, a question may arise of what the construction of the potential, or some other object based on the above-mentioned separation of the particle interaction, is needed for. The answer is that only through such a construction can the correspondence between the classical and quantum modes of description be established. Indeed, the very nature of classical conceptions implies existence of a self-contained notion of the field produced by a given source, which value is independent of a specific device chosen to measure it. An object possessing these properties would be just supplied by the potential defined in the manner outlined above.
1
Definition of the potential through the scattering amplitudes is not the only way to introduce an independent notion of the gauge field. Till now, however, it is the only consistent way if one is interested in giving a gauge-independent definition, i.e., the one that would give values for the gauge field independent of the choice of gauge conditions needed to fix gauge invariance of the theory.
2 Actually, it was recently proposed that, in the case of quantum gravity, such a definition can be given beyond the S-matrix approach through the introduction of classical point particle moving in a given gravitational field and playing the role of a measuring device [3] . In particular, it was shown that the one-loop effective equations of motion of the point-particle (the effective geodesic equation), calculated in the weak field approximation in the nonrelativistic limit, turn out to be independent of the gauge conditions fixing the general covariance [3] . Although this result, undoubtedly, is of considerable importance on its own, it lies out of the main line of our concern here, since it is based on the introduction of the classical point-particle into the functional integral "by hands", which certainly cannot be justified using consistent limiting procedure of transition from the underlying quantum field theory to the classical theory. On the other hand, as was shown in Ref. [4] , introduction of the classical field matter (scalar field) instead of the point-like still leads to the gauge-dependent values for the gravitational field. Therefore, it seems natural to try to establish the correspondence between the quantum gravity and the classical General Relativity just in terms of the potential defined through the scattering amplitudes. However, it will be shown below that the value of the potential, found in Ref. [1] , disagrees with the classical result given by the Schwarzschild solution. The latter has the form
where θ, ϕ are the standard spherical angles, r is the radial coordinate, and r g = 2GM/c 2 is the gravitational radius of a spherically-symmetric distribution of mass M. The form of ds 2 given by Eq. (1) is fixed by the requirements g ti = 0, i = r, θ, ϕ, g θθ = r 2 . To compare the two results, however, one has to transform Eq. (1) to the DeWitt gauge
used in Ref. [1] . The t, θ, ϕ-components of Eq. (2) are already satisfied by the solution (1). To meet the remaining condition, let us substitute r → f (r), where f is a function of r only. Then the t, θ, ϕ-components of Eq. (2) are still satisfied, while its r-component gives the following equation for the function f (r) :
where f ′ ≡ ∂f (r)/∂r. Since we are interested only in the long-distance corrections to the Newton law, one may expand f (r)/r in powers of r g /r keeping only the first few terms:
2 One also has to require independence of the choice of a set of dynamical variables in terms of which the theory is quantized. This last condition is particularly important in the case of gravity, where one is free to take any tensor density as a dynamical parametrization of the metric field.
3 It seems that in the case of ordinary Yang-Mills theories, inclusion of the classical field matter does solve the gauge-dependence problem, at least in the low-energy limit, see Ref. [5] .
Substituting this into Eq. (3), one obtains successively c 1 = 1/2, c 2 = 1/2, etc.
Therefore, up to terms of the order r 2 g /r 2 , the Schwarzschild solution takes the following form
Taking the square root of the time component of the metric (4), we see that the classical gravitational potential turns out to be equal to
The post-Newtonian correction is here two times smaller than that obtained in [1] . Thus, we arrive at the puzzling conclusion that in the classical limit, the quantum theory of gravity, being based on the Bohr correspondence principle, does not reproduce the Einstein theory it originates from. However, before making such a conclusion, one would question relevance of the notion of the gravitational potential itself. It may well turn out that this discrepancy arises because of incorrect choice of the quantum-field quantity to be traced back to the classical potential. That this is very likely so will be demonstrated in the sections below.
Classical loop corrections and the correspondence principle
As was explained in Sec. 2, establishing correspondence between the quantum and classical theories of gravitation turns out to be highly nontrivial in view of the fact that the classical contribution to a given process is not contained entirely in the trees, but comes also from the loop diagrams. It is not even clear what the quantum-theoretical counterpart of the classical potential (or, more generally, of the classical metric) is. As we saw in Sec. 2, the usual definition of the quantum gravitational potential is not in concord with the classical theory. It is worthwhile to emphasize that our consideration is not restricted to the case of the Einstein theory only. Being related to the low-energy phenomena, all the conclusions are valid in any quantum theory of gravity as well, if that theory becomes Newtonian in the non-relativistic limit.
There are different ways of thinking in this situation. One could conclude, for example, that since the quantum gravity does not satisfy the correspondence principle, the basic postulates of the General Relativity are incompatible with the principles of quantum theory, and therefore their synthesis is impossible. Or, one could try to find another definition of the gravitational potential, that would be in agreement with the classical General Relativity, on the one hand, and possessed physical meaning at the quantum level, on the other.
Below, a more refined interpretation will be given, based on a certain modification of the correspondence principle.
Let us first note that, from the formal point of view, the correspondence between any quantum theory and its classical original is most naturally established in terms of the effective action rather than the S-matrix. This is because the effective action [the generating functional of the one-particle-irreducible Green functions, Γ, defined in Eq. (18) below] just coincides with the initial classical action in the tree approximation. In particular, nonlinearity of the classical theory (resulting, e.g., in r g /r-power corrections to the Newton law in the General Relativity) is correctly reproduced by the trees. In the case of quantum gravity, there are still additional contributions of the orderh 0 , coming from the loop corrections. They are given just by the gravitational form factors of particles, which serve as the building blocks for the gravitational potential. Instead of constructing the potential, however, let us consider them in the framework of the effective action method. From the point of view of this method, theh 0 -parts of the particle form factors, together with the proper quantum parts of the orderh, describe the radiative corrections to the classical equations of motion of the gravitational field. It is non-vanishing of these terms that violates the usual Bohr correspondence. There is, however, one essential difference between theh 0 loop terms and the nonlinear tree corrections. Consider, for instance, the first post-Newtonian correction of the form const
The "const" receives contributions from the tree diagram pictured in Fig. 1(a) , as well as from the one-loop form factor, Fig. 1(b) . If the gravitational field is produced by only one particle of mass M, then the two contributions are of the same order of magnitude. They are not, however, if the field is produced by a macroscopic body consisting of a large number N of particles with mass m = M/N. Being responsible for the nonlinearity of Einstein equations, the tree diagram 1(a) is bilinear in the energy-momentum tensor T µν of the particles, while the loop diagram 1(b) is only linear (to be precise, it has only two particle operators attached). Therefore, when evaluated between N-particle state, the former is proportional to (m·N)·(m·N) = M 2 , while the latter -to m 2 ·N = M 2 /N. If, for instance, the solar gravitational field is considered, the quantum correction is suppressed by a factor of the order m proton /M ⊙ ≈ 10 −57 . This fact suggests the following interpretation of the correspondence principle when applied to the case of gravity: the effective gravitational field produced by a macroscopic body of mass M consisting of N particles turns into corresponding classical solution of the Einstein equations in the limit M → ∞, N → ∞.
It is clear from the above discussion that the use of the effective action is essential for this interpretation: the quantum potential, being of the form
for a macroscopic (N-particle) body of mass M, would fail to reproduce classical potential other than Newtonian, since
Thus, the loop corrections of the orderh 0 are now considered on a equal footing with the tree corrections, and thereby are endowed direct physical meaning as describing Like any other argument trying to assign physical meaning to the effective action, the above interpretation immediately runs up against the problem of its gauge dependence. In spite of being independent of the Planck constant, theh 0 terms originating from the loop diagrams are not gauge-independent a priori. However, as will be demonstrated below, there is a strong evidence for that they are gauge-independent nevertheless. Namely, theh 0 terms of the gravitational form factors of the scalar particle, contributing to the first post-Newtonian correction to the metric, turn out to be gauge-independent. 4 
Generating functionals and Slavnov identities
As in Ref. [1] , we consider the system of quantized gravitational and scalar matter fields. Dynamics of the scalar field denoted by φ, is described by the action
while the action for the gravitational field
k being the gravitational constant. 4 To be precise, one has to speak about gauge dependence of scalar quantities, such as the scalar curvature, built out of the metric, rather than the metric itself, since the latter is gauge-dependent by definition (Cf., for instance, Eqs. (1), (4) representing the Schwarzschild solution for two different gauge conditions). 5 Our notation is R µν ≡ R α µαν = ∂ α Γ α µν − · · ·, R ≡ R µν g µν , g ≡ det g µν , g µν = sgn(+, −, −, −). Dynamical variables of the gravitational field h µν = g µν − η µν , η µν = diag{+1, −1, −1, −1}. 6 We choose units in which c =h = k = 1 from now on.
The action S + S φ is invariant under the following gauge transformations
where ξ α are the (infinitesimal) gauge functions. The generators D,D span the closed algebra
the "structure constants" f αβ γ being defined by
Let the gauge invariance be fixed by the term
Next, introducing the Faddeev-Popov ghost fields C α ,C α we write the FaddeevPopov quantum action [7] 
S F P is still invariant under the following BRST transformations [8] 
λ being a constant anticommuting parameter. The generating functional of Green functions
where
Indices of the functions F, ξ, as well as of the ghost fields below, are raised and lowered, if convenient, with the help of Minkowski metric η µν .
8 For brevity, the product symbol, as well as tensor indices of the fields h µν , C α ,C α , is omitted in the path integral measure.
the sets {T µν , J,β α , β α } and {K µν ,K, L α } being the sources for the fields and BRST transformations, respectively [9] .
To determine the dependence of field-theoretical quantities on the gauge parameter ξ, we modify the quantum action adding the term
Y being a constant anticommuting parameter [10] . Thus we write the generating functional of Green functions as
Finally, we introduce the generating functional of connected Green functions
and then define the effective action Γ in the usual way as the Legendre transform of W with respect to the mean fields
(denoted by the same symbols as the corresponding field operators):
Evaluation of derivatives of diagrams with respect to the gauge parameters is a more easy task than their direct calculation in arbitrary gauge.
9 This is because these derivatives can be expressed through another set of diagrams with more simple structure. The rules for such a transformation of diagrams are conveniently summarized in the Slavnov identities corresponding to the generating functional (15). Since these identities are widely used in what follows, their derivation will be briefly described below [10] .
First of all, we perform a BRST shift (13) of integration variables in the path integral (15). Equating the variation to zero we obtain the following identity
Next, the second term in the square brackets in Eq. (19) can be transformed with the help of the quantum ghost equation of motion, obtained by performing a shift C →C + δC of integration variables in the functional integral (15):
where we used the property Y 2 = 0, and omitted the expression δβ γ /δβ γ ∼ δ(0). Putting this all together, we rewrite Eq. (19)
This is the Slavnov identity for the generating functional of Green functions we are looking for. In terms of the generating functional of connected Green functions, it looks like
It can be transformed further into an identity for the generating functional of proper vertices: with the help of equations Written down via the reduced functional
the latter equation takes particularly simple form
5 Theh 0 radiative corrections to the gravitational form factors
Let us now turn to the explicit evaluation of the radiative corrections. In this section, ξ-independence of the loop amendment to the first post-Newtonian classical correction given by the second term in Eq. (5) will be proved. The only loop diagram we need to consider is the one pictured in Fig. 1(b) . Other one-loop diagrams do not contain terms proportional to the √ −p 2 , responsible for the 1/r 2 behavior of the form factors, while higher-loop diagrams are of higher orders in the Newton constant G.
To evaluate the ξ-derivative of diagram 1(b), we use the Slavnov identity (24). Extracting terms proportional to the source Y, we get 2ξ
where Γ 1,2 are defined by
At the one-loop level, Eq. (25) is just
since the external scalar lines are on the mass shell
Diagrams with two scalar and one graviton external lines, giving rise to the root singularity in the right hand side of Eq. (26), are represented in Fig. 2 . The corresponding analytical expressions
10 Enclosed in the round brackets is the number of loops in the diagram representing a given term. 11 For simplicity, the normalization factors coming from the external scalar lines, are omitted.
where the following notation is introduced:
, G φ is the scalar particle propagator
µν stands for the linearized Einstein tensor
µ -arbitrary mass scale, and ε = 4 − d, d being the dimensionality of space-time.
To simplify the tensor structure of diagram Fig. 2(a) , the use has been made of the identity
which is nothing but the well-known first Slavnov identity at the tree level; it is easily obtained differentiating Eq. (21) twice with respect to β α and T µν , and setting all the sources equal to zero.
The tensor multiplication in Eq. (27) is conveniently performed with the help of the new tensor package for the REDUCE system [12] 
Evaluation of the loop integrals can be automatized to a considerable extent if the Schwinger parametrization of denominators in Eq. (29) is used
It is convenient to apply these formulae as they stand, i.e., eluding cancellation of the k 2 factors in Eq. (29). The k-integrals are then evaluated using
etc. up to six k-factors in the integrand. From now on, all formulae will be written out for the sum
Changing the integration variables (x, y, z) to (t, u, v) via
integrating v out, subtracting the ultraviolet divergence
setting ε = 0, and retaining only the leading at p 2 → 0 terms, we obtain
Now, using Eqs. (36) of the Appendix, it is straightforward to show that the remaining (u, t)-integral is zero:
Discussion and Conclusions
The gauge-independence of the gravitational form factors, underlying our interpretation of theh 0 loop contribution, is proved only for a particular, though most important practically, choice of gauge. Furthermore, the case of many-loop diagrams giving rise to the higher post-Newtonian corrections has not been touched upon at all. On the other hand, it is hardly believed that the gauge dependence cancellation found out in Sec. 5 is accidental. It takes place for any ξ as well as for every independent tensor structure of diagram Fig. 1(b) .
A very specific feature of this cancellation must be emphasized: it holds only for theh 0 part of the form factors. For instance, the logarithmical part of I (which is of the orderh 1 ) is not zero. This raises the question of reasons the gauge dependence cancellation originates from. The point is that the Slavnov identities, being valid only for the totals of diagrams, cannot provide such reason, although they do allow one to simplify calculation of the gauge-dependent parts of diagrams.
As was shown in Sec. 3, the use of the effective action is essential in establishing the correct correspondence between the classical and quantum theories of gravity. This makes the problem of physical interpretation of the effective action beyond theh 0 order even more persistent. It was mentioned in Sec. 2 that such interpretation can probably be given via the introduction of point-particles into the theory. It should be noted, however, that this approach cannot be justified from the first principles of quantum theory, and therefore is out of our present concern. Nevertheless, one may hope that the phenomenological approach advanced in Ref. [3] can be developed in a consistent manner, e.g., along the lines of Refs. [4, 5] .
Finally, let us consider possible astrophysical applications of our results. As we saw in Sec. 3, the loop contributions to the post-Newtonian corrections are normally highly suppressed: their relative value for the stars is of the order 10 −56 − 10 −58 . Things are different, however, if an object consisting of strongly interacting particles is considered. In this case, additivity of individual contributions, implied in the course of derivation of Eq. (33), does not take place. In the limit of infinitely-strong interaction, the object is to be considered as a particle, i.e., one has to set N = 1 in Eq. (33). The postNewtonian corrections are then essentially different from those given by the classical General Relativity.
An example of objects of this type is probably supplied by the black holes. It should be noted, however, that the very existence of the horizon is now under question. The potential Φ(r) may well turn out to be a regular function of r when all theh 0 loop corrections are taken into account. 
